The laminar natural convection boundary layer flow on an isothermal vertical thin cylinder embedded in a thermally stratified high porosity medium has been studied. The non-Darcy effects including convective, boundary and inertial effects are included in this analysis. The non-linear coupled partial differential equations governing the flow are solved by using an implicit finite-difference scheme. For small and moderate values of the axial distance, these equations are also solved by a perturbation technique in combination with the Shanks transformation. It is observed that for certain values of the ambient stratification parameter, the skin friction vanishes and the direction of the heat transfer changes. The skin friction and heat transfer decrease with increasing ambient stratification, curvature and inertia parameters, but they increase with the permeability parameter.  2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
Introduction
Heat transfer by natural convection frequently occurs in many physical problems and engineering applications such as geothermal systems, heat exchangers, chemical catalytic reactors, fiber and granular insulation, packed beds, petroleum reservoirs and nuclear waste repositories. Tien and Vafai [1] have presented an excellent review of natural convection flow in porous media and have stressed the importance of the non-Darcy effects such as the inertia and boundary effects. Chen et al. [2] have investigated the non-Darcy effects on the natural convection boundary layer flow on an isothermal vertical flat surface placed in a high-porosity medium. Certain porous materials, such as foam metals and fibrous media have a high porosity (0.9 ε 0.95). Thermal stratification occurs in cooling ponds, lakes, solar ponds and in the atmosphere. If the vertical surface is a part of an enclosure, the ambient temperature of the fluid will be stratified. For stable thermal stratification, the temperature in the ambient fluid increases with height. Singh and Tewari [3] have studied the non-Darcy natural * Correspondence and reprints.
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convection boundary layer flow over a vertical isothermal plate immersed in a thermally stratified fluid saturated porous medium. Chen and Lin [4] have investigated the above problem for a highly porous medium. Chamkha [5] has extended the analysis of Chen and Lin [4] to include the effect of the magnetic field. Natural convection flow over a vertical flat surface in a thermally stratified non-porous medium has been studied by Eichhorn [6] , Chen and Eichhorn [7] and Venkatachala and Nath [8] , who used the series solution method, the local nonsimilarity method and the finite difference method, respectively, for the solution of the governing partial differential equations. Kulkarni et al. [9] have obtained a similarity solution for the natural convection flow over a heated vertical plate in a thermally stratified fluid. Angirasa and Srinivasan [10] have presented a numerical study of the natural convection flow on a vertical surface due to the combined effect of buoyancy forces caused by the heat and mass diffusion in a thermally stratified medium. The natural convection flow over a horizontal cylinder and a sphere immerged in a thermally stratified fluid was investigated by Chen and Eichhorn [11] .
In the present study, the natural convection flow on a vertical isothermal thin cylinder embedded in a thermally strat- Subscripts w, ∞ conditions at the wall and in the ambient fluid Superscript prime denotes derivative with respect to η ified high porosity medium has been considered. The nonlinear coupled partial differential equations governing the flow have been solved numerically using an implicit finitedifference scheme similar to that of Blottner [12] . For small and moderate values of the axial distance, these equations have also been solved by using a perturbation technique [13] along with the Shanks transformation. Natural convection flow over a vertical thin cylinder without thermal stratification and a porous medium has been investigated by a number of research workers [13] [14] [15] [16] [17] . The results in the absence of the stratification and porous medium are compared with those of Aziz and Na [13] , Cebeci [16] and Minkowycz and Sparrow [17] .
Nomenclature

Analysis
The physical model of the problem and the coordinate system are given in Fig. 1 . Consider a vertical thin circular cylinder of radius r 0 maintained at a uniform temperature T w situated in a stable stratified ambient fluid at temperature T ∞ (x). The cylinder is embedded in a high-porosity medium. The radial coordinate r is measured from the axis of the cylinder and the axial coordinate x is measured vertically upward such that x = 0 corresponds to the leading edge where the boundary layer thickness is zero. The conventional assumptions of the laminar boundary layer theory are applied and the Boussinesq approximation is invoked. Under the foregoing assumptions, the governing equations can be expressed as [4, 7, 13, 17] 
The boundary conditions are
Here r and x are the radial and axial coordinates, respectively; u and v are the velocity components along the r and x directions, respectively; T is the temperature; ε is the porosity; g is the acceleration due to the gravity; β is the volumetric coefficient of thermal expansion; K * is the permeability; C * is the inertia coefficient; α e (= k e /ρ f c f ) is the effective thermal diffusivity of the medium; k e is the effective thermal conductivity of the saturated porous medium; ρ f is the density of the fluid; C f is the specific heat of the fluid; r 0 is the radius of the cylinder; and the subscripts w and ∞ denote conditions at the wall and in the ambient fluid, respectively.
In order to make Eqs. (1)- (3) dimensionless, we apply the following transformations;
to Eqs. (1)- (3) and we find that Eq. (1) is identically satisfied and Eqs. (2) and (3) reduce to;
The boundary conditions (4) can be rewritten as
Here ξ and η are the transformed coordinates; ψ and f are the dimensional and dimensionless stream functions, respectively; K is the dimensionless permeability; C is the dimensionless inertia coefficient; θ is the dimensionless temperature; Gr is the Grashof number, Gr x is the local Grashof number; Pr is the Prandtl number; S is the dimensionless ambient thermal stratification parameter; T 0 is the value of the ambient temperature T ∞ , at x = 0; a is the slope of the ambient temperature and a > 0 for a stable stratified fluid, and prime denotes derivative with respect to η.
It may be noted that Eqs. (6)- (8) for S = 0 (without thermal stratification) and ε = 1 (non-porous medium) are the same as those of Aziz and Na [13] , Cebeci [16] , and Minkowycz and Sparrow [17] . In the limiting case Eqs. (6)- (8) (6) and (7). Also (ξ/2) should be replaced by (ξ ) 1/4 .
The local skin friction coefficient C fx is given by
Similarly, the local Nusselt number Nu x can be expressed as;
where
is a hypothetical or equivalent velocity function and µ is the coefficient of viscosity.
Perturbation method
It is also possible to solve Eqs. (6) and (7) under the boundary conditions (8) by using a perturbation expansion procedure [13] in terms of the axial distance ξ . This approximate method is valid for small values of ξ , but its range of validity can be increased by applying the Shanks transformation [18] . In this method, one has to solve a system of ordinary differential equations instead of partial differential equations. At the same time it gives good results. We assume a regular perturbation expansion for f and θ in powers of ξ as given by;
Substituting (10) in Eqs. (6)- (8) and equating coefficients of like powers of ξ , we obtain. For j = 0
For j = 1, we obtain
For j = 2, we have
For j = 3, we get
For j = 4, the equations are given by
For j 5, we obtain the following equations
The above system of equations is linear except (11a) and (11b) which are nonlinear. Hence Eqs. (11a) and (11b) are solved using the shooting method [19] and the subsequent equations are solved by employing the method of superposition [19] . The local skin friction parameter (f (ξ, 0)) and the local heat transfer parameter (θ (ξ, 0)) can be expressed as;
Eq. (17) is valid for small values of ξ (ξ 1), but its range of validity can be increased by applying the Shanks transformation [18] 
where e is an operator and L j is the partial sum. Here we have taken j = 5 and applied the transformation (18) Tables 1 and 2 . The application of Shanks transformations (18) to the series Table 1 Surface shear stress values for Pr = 0.7, ε = 0.9 Table 2 Surface heat transfer values for Pr = 0.7, ε = 0.9 given by Eqs. (17) for certain values of the parameters is illustrated in Table 3 . Some of the results thus obtained are compared with those obtained by using the finite difference method and this comparison is shown in Figs. 6 and 7.
Numerical method
The coupled nonlinear partial differential Eqs. (6) and (7) under the boundary conditions (8) are solved numerically using an implicit, iterative, tri-diagonal finite-difference scheme similar to that discussed by Blottner [12] . The first- Table 3 Application of Shanks transformation (18) order derivatives with respect to ξ are replaced by two-point backward difference formulae of the form
where R stands for the dependent variable f or θ and m and n are the node locations along the ξ and η directions, respectively. First the third-order Eq. (6) is converted into a second-order by substituting f = F . Then the second-order partial differential equations for F and θ are discretized using the three-point central difference formulae and the firstorder equations are discretized by employing the trapezoidal rule. At each line of constant ξ , we get a system of algebraic equations. We evaluate the nonlinear terms in the equations at the previous iteration and solve the system of algebraic equations interatively by using the Thomas algorithm (see Blottner [12] ). The same procedure is repeated for the next ξ value and the equations are solved line by line until the desired ξ value is reached. A convergence criterion based on the relative difference between the current and the previous iterations is employed. When this difference reaches 10 −5 , the solution is assumed to have converged and the iterative process is terminated.
We have varied the grid size ξ and η. For grid size less than 60 × 100, the numerical values differ only in the fourth decimal place. This corresponds to an error of less than 0.5%. We have chosen the grid size 120 × 200 for the results presented.
Results and discussion
Eqs. (6) and (7) under the boundary conditions (8) In order to assess the accuracy of the method, we have compared the ratio of local Nusselt numbers, Nu x / (Nu x ) ξ =0 , for S = C = K −1 = 0, ε = 1 (obtained by using the finite-difference method) with of the finite-difference results of Cebeci [16] , the local non-similarity results of Minkowycz and Sparrow [17] and the perturbation expansion method (with Shanks transformation) results of Aziz and Na [13] . The results differ by less than 0.5% from the finite-difference results of Ref. [16] and about 1% from the local non-similarity results of Ref. [17] and the results of the perturbation method of Ref. [13] when ξ = 4. This difference decreases with decreasing ξ . The comparison is given in Table 4 .
We have also compared the heat transfer parameter −θ (ξ, 0) for the vertical plate in a stratified fluid in a uniform medium (ε = 1) for K −1 = C = 0, with that of Eichhorn [6] , Chen and Eichhorn [7] , and Venkatachala and Nath [8] , who used the series method, local non-similarity method and the finite difference method respectively. Since the results of Venkatachala and Nath [8] are found to be identical (at least up to the 3rd decimal place), these are not shown in the Fig. 2 . For large Pr (Pr = 6) the local nonsimilarity results of Chen and Eichhorn [7] are in very good agreement with the present results obtained by using the finite-difference method. However, for small Pr (Pr = 0.7) and for ξ 0.6, the local non-similarity method slightly over-estimates the heat transfer. On the other hand, the series solution results of Eichhorn [6] are in in good agreement for ξ 0.6, but beyond this value it may differ significantly. The series solution for ξ 0.6 under-estimates the heat transfer results. Further, we have compared the value of the average Nusselt number for the plate
9 with that of Chen and Lin [4] and found them to be in good agreement. This comparison is shown in Fig. 3 . The effect of the ambient thermal stratification parameter S on the local skin friction coefficient (2 Gr 1/4
x C fx ) and the Table 4 Comparison of the ratio of local Nusselt numbers, An increase in the thermal stratification parameter, generally, decreases the thermal buoyancy. Hence the velocity and temperature and their gradients reduce with increasing S. This results in lower skin friction and heat transfer. It is also observed that the skin friction coefficient for Pr = 0.7 vanishes for S = 0.96. Since boundary layer equations are not valid beyond zero skin friction, we have confined our study in the range 0 S 0.96. For Pr = 0.7, the local Nusselt number becomes negative for S > 0.714. This implies that the temperature of the fluid near the wall exceeds the wall temperature. For S < 0.7 the skin friction decreases as the Prandtl number increases, but for S > 0.7 it increases. However, an opposite trend is observed for the Nusselt number. For this case S = 0.6 instead of 0.7.
The effect of the curvature parameter ξ on the local skin friction coefficient and the local Nusselt number (2 Gr skin friction and the Nusselt number decrease with increasing curvature due to the thickening of momentum and thermal boundary layers. The effect of ξ is more pronounced for large ξ . The results of the perturbation analysis for 0 ξ 2 are found to be in very good agreement with those obtained by using the finite difference method. These differ by about 0.5% for ξ = 2 and this difference decreases with decreasing ξ . Fig. 8 shows the effect of the ambient thermal stratification parameter S on the velocity and temperature profiles (f (ξ, η), θ(ξ, η)) for ξ = 2, ε = 0.9, C = 200, K = 1, Pr = 5.4. Both the velocity and temperature profiles de- crease with increasing S since an increase in S implies a reduction in the thermal buoyancy. The effect of S is more pronounced on the temperature profiles than on the velocity profiles. The reason for this trend is that the thermal stratification parameter S explicitly occurs in the energy equation as well as in the boundary conditions, whereas its effect on the velocity profiles is indirect (see Eqs. (6)- (8)).
In Fig. 9 the effect of the curvature parameter ξ on the velocity and temperature profiles (f (ξ, η), θ(ξ, η)) for S = 0.5, C = 200, K = 1, Pr = 5.4, ε = 0.9 is displayed. The peak velocity decreases with increasing curvature parameter due to the increase in the momentum boundary layer thickness. The temperature profiles increase with ξ (except near the wall) since the thermal boundary layer increases. Fig. 10 presents the effect of the inertia parameter C on the velocity and temperature profiles (f (ξ, η), θ(ξ, η)) for S = 0.5, K = 1, Pr = 5.4, ε = 0.9, ξ = 2. The increase in the inertia parameter implies more resistance to the flow which results in an increase in the momentum boundary layer and hence in the thermal boundary layer. Consequently, the peak velocity decreases and the temperature increases as C increases. The effect of the permeability parameter K on the velocity and temperature profiles (f (ξ, η), θ(ξ, η)) for C = 200, S = 0.5, Pr = 5.4, ε = 0.9, and ξ = 2 is shown in Fig. 11 . It is observed that the temperature and the peak velocity reduce as K increases which implies that the resistance of the medium decreases. Fig. 12 presents the effect of the Prandtl number Pr on the velocity and temperature profiles (f (ξ, η), θ(ξ, η)) for C = 200, K = 1, S = 0.5, ε = 0.9, ξ = 2. Since the higher Prandtl number P r implies lower effective thermal diffusivity for a fixed kinematic viscosity ν, it opposes conduction. This results in thinner thermal and momentum boundary layers. Hence, both temperature and velocity are reduced as Pr increases. Table 5 gives the effect of the inertia parameter C on the local skin friction coefficient and the Nusselt number (2 Gr
For a given Prandtl number, both the skin friction and the Nusselt number decrease with increasing C, because momentum and thermal boundary layers become thick due to the increase in the resistance to the motion.
The effect of the permeability parameter K on the skin friction and the Nusselt number (2 Gr Table 6 . For fixed Pr, both the skin friction coefficient and the Nusselt number increase with K due to the reduction in the resistance to the flow as mentioned earlier. Fig. 13 . The effect of ε is more pronounced for smaller values of ξ (ξ < 1). The reason for this trend is that the effect of other parameters, namely K, C, S is comparatively small for ξ < 1, since these parameters are multiplied by ξ . The effect of these parameters becomes significant for ξ > 1 and they tend to reduce the effect of ε. Also for a fixed value of ε, the skin friction and the Nusselt number increase with ε, because the resistance to the flow decreases with increasing ε. This results in thinner momentum and thermal boundary layers. Consequently the velocity and temperature gradients and hence the skin friction and the Nusselt number are increased. transfer for increasing permeability. Since K is multiplied by ξ (see Eq. (6)) its effect at ξ = 0 vanishes.
Conclusions
The effect of the thermal stratification parameter on the local skin friction coefficient and the Nusselt number is more pronounced for moderate and large values of the curvature parameter (ξ 1). For certain values of the thermal stratification parameter, the wall of the cylinder gets heated instead of being cooled (i.e., the direction of the heat transfer changes). The skin friction coefficient vanishes for certain values of the stratification parameter or the curvature parameter. For small or moderate values of the curvature parameter, the results obtained by employing the perturbation method with Shanks transformation are found to be in very good agreement with those obtained by using the finite-difference method.
